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Abstract
Nonlocality and entanglement are not only the fundamental characteristics of quantum mechanics but
also important resources for quantum information and computation applications. Exploiting the quan-
titative relationship between the two different resources is of both theoretical and practical significance.
The common choice for quantifying the nonlocality of a two-qubit state is the maximal violation of the
Clauser-Horne-Shimony-Holt inequality. That for entanglement is entanglement of formation, which is
a function of the concurrence. In this paper, we systematically investigate the quantitative relationship
between the entanglement and nonlocality of a general two-qubit system. We rederive a known upper
bound on the nonlocality of a general two-qubit state, which depends on the state’s entanglement. We
investigate the condition that the nonlocality of two different two-qubit states can be optimally stimulated
by the same nonlocality test setting and find the class of two-qubit state pairs that have this property.
Finally, we obtain the necessary and sufficient condition that the upper bound can be reached.
∗ zfsu@ustc.edu.cn
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I. INTRODUCTION
Entanglement and nonlocality are two of the most fundamental characteristics of quantum
mechanics [1, 2]. Besides the fundamental significance for quantum mechanics, they are also indis-
pensable resources for quantum information which is a discipline that has blossomed in the past
three decades. Entanglement and nonlocality are core inherent reasons that quantum information
processing tasks have great advantages over their classical counterparts [3]. In recent years, many
applications of entanglement and nonlocality have been proposed, which include communication
complexity [4], quantum cryptography [5], randomness generation [6], quantum repeaters [7, 8],
and device-independent quantum computation [9].
Entanglement is a “spooky” feature of quantum mechanics, which was first recognized by Ein-
stein, Podolsky, and Rosen (EPR) eight decades ago [10]. There exist quantum states of a com-
posite quantum system which cannot be interpreted as ensembles of product states. This feature
is known as entanglement. A quantum state which has this feature is said to be entangled. Oth-
erwise, it is a separable state. Mathematically, the state ρ of a bipartite quantum system A⊗ B
is separable if it can be decomposed into the following form:
ρ =
∑
k
pkρ
A
k ⊗ ρBk (1)
where pk ≥ 0 and
∑
k pk = 1, and ρ
A
k and ρ
B
k are density operators of the corresponding subsystems
A and B, respectively. Otherwise, the state ρ is entangled. Entanglement of a bipartite quantum
state is quantified by entanglement of formation [11]. In the following discussion, we refer to
“entanglement of formation” simply as “entanglement”.
Nonlocality is another fundamental characteristic of quantum mechanics, which is based on the
correlation of observations of separated objects. Recall that locality and realism were considered
two of the most basic principles in classical physics. According to local realism theory, there is a
complete description, which is known as a hidden variable, between two separated objects. Once
the hidden variable is specified, the observations of the two objects are independent. A correlation
P (ab|xy) generated from two separated observers that satisfies the principles should admit a local
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hidden variable model (LHVM)
P (ab|xy) =
∑
λ
qλPλ(a|x)Pλ(b|y), (2)
where qλ is the probability of the hidden variable being λ, and Pλ(a|x) and Pλ(b|y) are marginal
probabilities. Any correlation that satisfies the LHVM in Eq. (2) is said to be local correlation.
On the contrary, a correlation is said to be nonlocal if it does not admit any LHVM. In 1964, Bell
showed that the predictions of quantum theory are incompatible with those of any physical theory
that satisfies the local realism theory [12]. This phenomenon is known as quantum nonlocality.
Namely, a quantum system can generate nonlocal correlations. Any quantum state that can
generate nonlocal correlations is said to be a nonlocal state, which plays a indispensable role in
many quantum information processing applications.
However, it is not straightforward to determine whether a quantum state is local or nonlocal
via the definition in Eq. (2). A clever way of detecting nonlocality is via the violation of a type of
inequalities, which are known as Bell inequalities. Bell inequalities give upper bounds on all local
quantum states. Thus, the violation of any Bell inequality is a sufficient evidence for nonlocality.
The most popular Bell inequality for the bipartite LHVM in Eq. (2) is the Clauser-Horne-Shimony-
Holt (CHSH) inequality. The CHSH inequality is maximally violated by the maximally entangled
state (|00〉+ |11〉)/√2 with the maximal violation being 2√2 [13].
Moreover, a common choice for quantifying nonlocality is through the amount of maximal
violation of a Bell inequality [2]. In 1995, Horodecki et al. developed a complete characterization
for the violation of the CHSH inequality by the arbitrary state of a two-qubit system [14]. Bipartite
nonlocal resources are also important for generating multipartite nonlocality [15].
The relationship between quantum entanglement and nonlocality is always of great research
interest. Although quantum entanglement and nonlocality are different resources [16], they are
closely related. It is obvious that all separable states are local. Thus, being entangled is a
necessary condition of being nonlocal. Any purely entangled two-qubit state violates the CHSH
inequality [17], while it is not true for mixed states. In 1989, Werner found a class of mixed
states which are entangled while admiting LHVMs [18]. Werner’s breakthrough convinces us that
3
the existence of entanglement is not a sufficient condition for the existence of nonlocality. A
large number of studies have been reported for researching on the qualitative relationship between
quantum entanglement and nonlocality since then. On the contrary, the quantitative relationship
between quantum entanglement and nonlocality is not fully understood yet.
In the past two decades, partial results have been reported on the quantitative relationship. In
2002, Verstraete and Wolf pointed out that the nonlocality of a general two-qubit state is upper
bounded by its entanglement [19]. They further found a class of two-level density matrices that can
reach the upper bound, which would turn out to be a complete description for reaching the upper
bound in our current paper. In 2011, Batle and Casas explored the quantitative relationship for the
general two-qubit pure states expressed in the Bell basis [20]. Bartkiewicz et al. investigated the
two-qubit states that have extremal entanglement with respect to different entanglement measures
for a given CHSH violation [21]. In the case of concurrence, Bartkiewicz et al. found that the low
bound of entanglement for a given CHSH violation can be achieved by the pure states and Bell
diagonal states. In other words, the pure states and Bell diagonal states can reach the the upper
bound of the CHSH violation for a given concurrence.
In the known literature, only a few examples are mentioned to reach the upper bound of
Verstraete and Wolf. It is an open problem to find the complete set of states for reaching the
upper bound when the general two-qubit states are considered.
In this paper, we exploit the necessary and sufficient condition for equality in the quantitative
relationship between the entanglement and nonlocality of a general two-qubit system. We find
that the example in Verstraete and Wolf’s paper [19] turns out to be the complete set of states for
reaching the upper bound. Our paper is organized as follows. In Sec. II, we give a brief introduction
to the measure of quantum entanglement and nonlocality, respectively. As the prerequisites for
solving our main question, we exploit the condition that two different general two-qubit states
have the same optimal nonlocality test setting in Sec. III and figure out the class of two-qubit
pure states that have the same optimal nonlocality test setting in Sec. IV. In Sec. V, we rederive
Verstraete and Wolf’s upper bound on the nonlocality of a general two-qubit state, which depends
on the state’s entanglement. Finally, we prove the necessary and sufficient condition for reaching
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the upper bound .
II. THE MEASURE OF ENTANGLEMENT AND NONLOCALITY
As quantum entanglement and nonlocality are indispensable resources for quantum information
processing tasks, quantifying the entanglement and nonlocality of a quantum system is of both
theoretical and practical significance. In this section, we give detailed descriptions of the quantita-
tive measure of quantum entanglement and nonlocality of arbitrary two-qubit states, respectively.
We also find out the correct quantum measurement settings for stimulating the most nonlocality
from the quantum state.
A. Entanglement of two-qubit state
The entanglement E(ψ) of a bipartite pure state |ψ〉 is the asymptotic number of standard
singlets required to locally prepare the state. It also equals the von Neumann entropy of either of
the two subsystems [22]. That is,
E(ψ) = −tr(ρA log2 ρA) = −tr(ρB log2 ρB), (3)
where ρA = trB(|ψ〉〈ψ|) and ρB = trA(|ψ〉〈ψ|). The entanglement of a mixed state ρ is defined as
the least expected entanglement of any ensemble of pure states of ρ. That is,
E(ρ) = min
∑
i
piE(ψi), (4)
where the minimization is over all possible pure decompositions of ρ such that ρ =
∑
i pi|ψi〉〈ψi|.
Hill and Wootters showed that the entanglement of a two-qubit pure state is closely related to
the concurrence of the state [23]. The concurrence of a two-qubit pure state |ψ〉 is defined as
C(ψ) = |〈ψ|ψ˜〉|, (5)
where |ψ˜〉 = (Y ⊗ Y )|ψ∗〉. Then, the entanglement of the pure state |ψ〉 can be written as
E(ψ) = h(
1 +
√
1− C(ψ)2
2
), (6)
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where h(x) is known as Shannon’s entropy function. The function is defined as h(x) ≡ −x log2 x−
(1 − x) log2(1 − x) with x ∈ [0, 1]. To keep the completeness of the definition, it denotes that
log2 0 = 0.
Further, Wootters showed that the formula for the entanglement of a two-qubit pure state in
Eq. (6) also holds true for mixed states [24]. He derived an analytical expression for the concurrence
of a two-qubit state ρ as follows:
C(ρ) = max{0, λ1 − λ2 − λ3 − λ4}, (7)
where λ1 ≥ λ2 ≥ λ3 ≥ λ4 are the eigenvalues of the Hermitian matrix
√√
ρρ˜
√
ρ. Here, the
operator ρ˜ ≡ (Y ⊗ Y )ρ∗(Y ⊗ Y ) is the spin flip of ρ. Namely, the relationship of concurrence and
entanglement is
E(ρ) = h(
1 +
√
1− C(ρ)2
2
) (8)
for a general two-qubit state.
The key process of evidencing this result is that Wootters showed the existence of a special
decomposition of a general two-qubit state. We conclude the fact in Lemma 1.
Lemma 1. Suppose ρ is an arbitrary density operator of a two-qubit system. There exits a pure
decomposition ρ =
∑
k pk|ψk〉〈ψk| with pk ≥ 0 and
∑
k pk = 1 such that the concurrence C(ψk) =
C(ρ) for each state |ψk〉.
Note that the concurrence of a density operator is a quantity ranging from 0 to 1. The separable
states correspond to concurrence 0 and the maximally entangled states correspond to concurrence
1. The entanglement E(ρ) is monotonically increasing as C(ρ) goes from 0 to 1. Thus, concurrence
can act as a measure of entanglement in its own right.
B. Nonlocality of two-qubit state
The simplest scenario for generating quantum correlations consists of two separated parties,
say, Alice and Bob. A two-qubit quantum state ρ is shared between them. Each of the two parties
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performs a dichotomic measurement which is taken from two possible choices. Suppose Alice
performs the measurement x and observes an outcome a. Those of Bob are y and b, respectively. In
this paper, we only consider projective measurements on single-qubit systems where the outcomes
a, b ∈ {+1,−1}. Then, a quantum correlation can be generated from the scenario as follows:
P (ab|xy) = tr(ρMxa ⊗Myb ), (9)
where Mxa is the measurement operator of Alice when she chooses measurement x and obtains
outcome a and Myb is the corresponding measurement operator of Bob. If there exist measurement
settings for Alice and Bob such that the generated quantum correlation in Eq. (9) does not admit
any LHVM in Eq. (2), the correlation P (ab|xy) is a nonlocal quantum correlation and the state
ρ is said to be a nonlocal quantum state. Otherwise, the correlation P (ab|xy) is a local quantum
correlation and ρ is said to be a local quantum state.
The violation of the CHSH inequality is a sufficient evidence that the state ρ is nonlocal. A
local quantum state ρ must satisfy any CHSH inequality as follows:
tr(ρS) ≤ 2, (10)
where S is a CHSH operator of the form
S = A⊗ (B +B′) + A′ ⊗ (B − B′). (11)
Here A and A′ are measurement observables of Alice’s qubit while B and B′ are that of Bob’s qubit.
If there is any CHSH operator such that the inequality is violated, the state must be nonlocal.
The nonlocality of the two-qubit state ρ can be quantified by the maximal value of the CHSH
expression as follows:
N (ρ) = max
S
tr(ρS), (12)
where the maximum is over all possible CHSH operators. In the following discussion, we refer
to the nonlocality of a state as the quantity N (·). We also refer to the CHSH operator that can
achieve N (ρ) as the optimal CHSH operator of the state ρ.
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It is obvious that the measure N (·) of bipartite nonlocality is a convex function of bipartite
density operators on H⊗22 . Suppose ρAB is a density operator that can be generated from the
ensemble {qk, ρABk }, namely, ρAB =
∑
k qkρ
AB
k . Let S be the optimal CHSH operator of the state
ρAB. Then, we are convinced of the convexity of nonlocality by the following relation:
N (∑
k
qkρ
AB
k
)
=
∑
k
qktr(ρ
AB
k S) ≤
∑
k
qkN (ρABk ). (13)
The equality in Eq. (13) holds if and only if the operator S also acts as the optimal CHSH operator
for all constituent states ρABk .
C. The optimal CHSH operator
Horodecki et al. got an analytical expression for the nonlocality of a general two-qubit state [14].
In this section, we review the process of analyzing the nonlocality and further work out the math-
ematical expression of the corresponding optimal CHSH operator.
Any density operator ρ of a two-qubit quantum system can be represented by the combination
of the identity operator and the generators of the SU(2) algebra [25] as follows:
ρ =
1
4
(I ⊗ I + ~r · ~σ ⊗ I + I ⊗ ~s · ~σ +
3∑
j,k=1
Tjkσj ⊗ σk), (14)
where ~σ = (σ1, σ2, σ3) is the vector of Pauli matrices and the coefficient Tjk = tr(σj ⊗ σkρ) is
the element of a 3 × 3 real matrix T . The vectors ~r and ~s only determine the properties of the
two subsystems, respectively. The global properties between the joint system are contained in the
matrix T . Thus, we call T the correlation matrix of the bipartite state ρ.
Note that any measurement observable A for a qubit system can be represented by a unit
column vector ~a ∈ R3 such that A = ~a · ~σ. Let ~a, ~a′, ~b, and ~b′ be the corresponding vectors of
the measurement observables A, A′, B, and B′, respectively. Then, the expectation of the joint
measurement A⊗B can be written as
tr(A⊗ Bρ) =
3∑
j,k=1
ajTjkbk = 〈a|T |b〉. (15)
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Here we abuse the Dirac notation |a〉, which usually stands for the pure state of a quantum system,
for the unit column vector ~a. In the following discussions, we interchange the two kinds of notations
based on the convenience of expression.
Let ~b + ~b′ = 2 cos θ~c and ~b − ~b′ = 2 sin θ~c′ for θ ∈ [0, π) and ~c, ~c′ ∈ R3. Note that ~c and ~c′ are
orthogonal unit vectors. Let T TT =
∑3
k=1 λk|µk〉〈µk| be the spectral decomposition of the matrix
T TT . Without loss of generality, suppose the eigenvalues λk are in nonincreasing order. Then, we
can get
tr(Sρ) = tr(A⊗ (B +B′)ρ) + tr(A′ ⊗ (B − B′)ρ)
= 2 cos θ〈a|T |c〉+ 2 sin θ〈a′|T |c′〉
≤ 2
√
(〈a|T |c〉)2 + (〈a′|T |c′〉)2 (16)
≤ 2
√
‖T |c〉‖2 + ‖T |c′〉‖2 (17)
≤ 2
√
λ1 + λ2. (18)
The inequality in Eq. (18) is with equation when |c〉 = η|µ1〉 and |c′〉 = η′|µ2〉 with η, η′ ∈ {+1,−1}
being signs. In this case, ‖T |c〉‖2 = 〈c|T TT |c〉 = λ1 and ‖T |c′〉‖2 = 〈c′|T TT |c′〉 = λ2 . The equality
of Eq. (17) holds when |a〉 = δ T |c〉‖T |c〉‖ and |a′〉 = δ T |c
′〉
‖T |c′〉‖ with signs δ, δ
′ ∈ {+1,−1}. And the equality
in Eq. (16) holds when cos θ = 〈a|T |c〉√
λ1+λ2
and sin θ = 〈a
′|T |c′〉√
λ1+λ2
. Thus, we get that the nonlocality of ρ
is N (ρ) = 2√λ1 + λ2. The nonlocality can be achieved when all three equalities in Eqs. (16)–(18)
hold true simultaneously. The corresponding optimal CHSH operator of state ρ is
S = 2 cos θA⊗ C + 2 sin θA′ ⊗ C ′
= 2δ
√
λ1
λ1 + λ2
(
δη√
λ1
T ~µ1) · ~σ ⊗ (η ~µ1) · ~σ
+ 2δ′
√
λ2
λ1 + λ2
(
δ′η′√
λ2
T ~µ2) · ~σ ⊗ (η′ ~µ2) · ~σ
=
2√
λ1 + λ2
(T ~µ1 · ~σ ⊗ ~µ1 · ~σ + T ~µ2 · ~σ ⊗ ~µ2 · ~σ). (19)
Let wjk ≡ 14tr(Sσj ⊗ σk) be the Pauli coefficients of the optimal CHSH operator S. Namely,
S =
∑3
j,k=1wjkσj ⊗ σk. Thus, the optimal CHSH operator S of state ρ is uniquely corresponding
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to a 3× 3 real matrix W = (wjk)3×3. Taking the standard basis, the matrix W can be written as
W =
3∑
j,k=1
wjk|j〉〈k|
=
2√
λ1 + λ2
3∑
j,k=1
((T |µ1〉)j(|µ1〉)k + (T |µ2〉)j(|µ2〉)k)|j〉〈k|
=
2√
λ1 + λ2
T (|µ1〉〈µ1|+ |µ2〉〈µ2|). (20)
The above analysis is based on Horodecki et al.’s analysis for obtaining the maximum CHSH
violation of a general two-qubit state [14]. Our contribution is to conclude the optimal CHSH
operator in Eq. (19) to achieve Horodecki et al.’s maximum CHSH violation and reformulate it
to be expressed by a 3 × 3 coefficient matrix under the Pauli matrices basis in Eq. (20). As the
extended results are to be used in the following discussion, we conclude them as the following
lemma.
Lemma 2. Suppose ρ is an arbitrary two-qubit state with correlation matrix T and the eigenvalues
in the spectral decomposition T TT =
∑3
k=1 λk|µk〉〈µk| are in nonincreasing order. Then, the
nonlocality of state ρ is N (ρ) = 2√λ1 + λ2. The optimal CHSH operator of state ρ is S =∑3
j,k=1wjkσj ⊗ σk, which is uniquely specified by the corresponding Pauli coefficients matrix
W =
2√
λ1 + λ2
T (|µ1〉〈µ1|+ |µ2〉〈µ2|). (21)
III. TWO DIFFERENT STATES HAVING THE SAME OPTIMAL CHSH OPERATOR
In this section, we research the question whether the nonlocality of different quantum states can
be optimally stimulated by the same quantum nonlocality test setting. Let T and F be correlation
matrices of two-qubit states ρ and ̺, respectively. We try to work out the condition that the
optimal CHSH operators of the states ρ and ̺ can be the same.
Suppose the singular value decomposition of T is T = UDV , where U =
∑3
k=1 |µk〉〈k| and
V =
∑3
k=1 |k〉〈νk| are orthogonal matrices and D =
∑3
k=1 tk|k〉〈k| is a diagonal matrix. Then,
we have T =
∑3
k=1 tk|µk〉〈vk| and T TT =
∑3
k=1 t
2
k|vk〉〈vk|. With out loss of generality, suppose
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|t1| ≥ |t2| ≥ |t3|. According to Lemma 2, the corresponding Pauli coefficients matrix of the optimal
CHSH operator for state ρ can be written as
W =
2√
t21 + t
2
2
(t1|µ1〉〈ν1|+ t2|µ2〉〈ν2|). (22)
Suppose F = PEQ, where P =
∑3
k=1 |αk〉〈k|, Q =
∑3
k=1 |k〉〈βk|, and E =
∑3
k=1 fk|k〉〈k|. Further
suppose |fk| are in nonincreasing order. Similarly, the corresponding Pauli coefficients matrix of
the optimal CHSH operator for state ̺ can be written as
R =
2√
f 21 + f
2
2
(f1|α1〉〈β1|+ f2|α2〉〈β2|). (23)
The preset condition that the optimal CHSH operators of two-qubit states ρ and ̺ are the same
is equivalent to the relation W = R. Let cos t = t1√
t2
1
+t2
2
, sin t = t2√
t2
1
+t2
2
, cos f = f1√
f2
1
+f2
2
, and
sin f = f2√
f2
1
+f2
2
. Then, the relation W = R can be equivalently written as
cos t|µ1〉〈ν1|+ sin t|µ2〉〈ν2|
=cos f |α1〉〈β1|+ sin f |α2〉〈β2|. (24)
Let M = (mkj) be a 2× 2 matrix where mkj = 〈µk|αj〉〈βj|νk〉. Then, we get
cos t = m11 cos f +m12 sin f, (25)
sin t = m21 cos f +m22 sin f, (26)
cos f = m11 cos t +m21 sin t, (27)
sin f = m12 cos t +m22 sin t. (28)
Denote |t〉 ≡ cos t|0〉+sin t|1〉 and |f〉 ≡ cos f |0〉+sin f |1〉. Equations. (25)–(28) can be equivalently
written as
|t〉 = M |f〉 and |f〉 =MT |t〉. (29)
It follows that |t〉 = MMT |t〉 and |f〉 =MTM |f〉 for all possible vectors |t〉 and |f〉. Thus, it must
have MTM = MMT = I, which means M is an orthogonal matrix. Namely, m211 +m
2
12 = 1 and
m221 +m
2
22 = 1.
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However, we note that
m211 +m
2
12 = (〈µ1|α1〉〈β1|ν1〉)2 + (〈µ1|α2〉〈β2|ν1〉)2 ≤ 1 (30)
and
m221 +m
2
22 = (〈µ2|α1〉〈β1|ν2〉)2 + (〈µ2|α2〉〈β2|ν2〉)2 ≤ 1. (31)
Thus, the equalities in Eqs. (30) and (31) must hold simultaneously. The conditions for which the
equalities hold true are |µk〉 = δk|αk〉 and |νk〉 = δ′k|βk〉 for k = 1, 2 or |µ1〉 = δ1|α2〉, |µ2〉 = δ2|α1〉,
|ν1〉 = δ′1|β2〉, and |µ2〉 = δ2|α1〉 where δk, δ′k ∈ {±1} are signs. With out loss of generality, we can
set δk = δ
′
k = 1 and pat the signs into the singular values. In the former case of conditions, it
follows that |µk〉 = |αk〉 and |νk〉 = |βk〉 for k = 1, 2, 3 and cos t = cos f , sin t = sin f . Hence, the
correlation matrices of states ρ and ̺ are related as follows:
T =
3∑
k=1
tk|µk〉〈νk|
=
√
t21 + t
2
2(cos t|α1〉〈β1|+ sin t|α2〉〈β2|) + t3|α3〉〈β3|
=
√
t21 + t
2
2
f 21 + f
2
2
(f1|α1〉〈β1|+ f2|α2〉〈β2|) + t3|α3〉〈β3|. (32)
If the second condition holds, we get the same relation as the one shown in Eq. (32).
A more general case is that |t1|, |t2|, and |t3| are in a specified order, say, decreasing order,
while |f1|, |f2|, and |f3| are in an arbitrary order. Without loss of generality, suppose |f2| is the
minimum in {|fk|}. With similar analysis, we find out that the relationW = R can be equivalently
written as
T =
√
t21 + t
2
2
f 21 + f
2
2
(f1|α1〉〈β1|+ f3|α3〉〈β3|) + t3|α2〉〈β2|. (33)
Obviously, the absolute values of the correlation matrices T and F singular values are in the same
order.
Based on the above analysis, we can conclude the conditions for the situation that two different
general two-qubit states have the same optimal CHSH operator in the following theorem.
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Theorem 1. Suppose T is the correlation matrix of the two-qubit state ρ and F is that of the
two-qubit state ̺. Let t1, t2, t3 and f1, f2, f3 be singular values of the correlation matrices T and
F , respectively. Then, the states ρ and ̺ have the same optimal CHSH operator if and only if they
satisfy three conditions, which are listed as follows:
(1) T and F have the same orthogonal matrices in the singular value decompositions. Namely, the
singular value decomposition of T and F can be written as
T = UDV and F = UEV, (34)
where D =
∑3
k=1 tk|k〉〈k|, E =
∑3
k=1 fk|k〉〈k|, and U and V are orthogonal matrices.
(2) The absolute values of two sets of singular values, {|tk|} and {|fk|}, are of the same order.
(3) Without loss of generality, suppose {|tk|} and {|fk|} are in nonincreasing order. Then, it
should have
t1
f1
=
t2
f2
=
√
t21 + t
2
2
f 21 + f
2
2
. (35)
IV. THE COLLECTION OF TWO-QUBIT PURE STATES THAT SHARE THE SAME
OPTIMAL CHSH OPERATOR
Recall that any mixed state can be viewed as an ensemble of pure states. Suppose ρ is an arbi-
trary two-qubit state which is generated from the ensemble {pk, |ψk〉}. Namely, ρ =
∑
k pk|ψk〉〈ψk|,
where pk ≥ 0 and
∑
k pk = 1. The convexity of nonlocality indicates that
N (ρ) ≤
∑
k
pkN (ψk). (36)
The equality holds if and only if the optimal CHSH operator of ρ also acts as the optimal CHSH
operator of |ψk〉 for all k. In other words, it requires that the collection of pure states {|ψk〉} has
the same optimal CHSH operator.
In this section, we exploit the collection of two-qubit pure states which have the same optimal
CHSH operator.
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A. The role of local unitary operations
Suppose a general two-qubit state ρ is shared by Alice and Bob. UA and UB are unitary
operators which act on Alice’s and Bob’s subsystems, respectively. They can transform the state
ρ into another state
ρ′ = (UA ⊗ UB)ρ(UA ⊗ UB)†. (37)
Suppose the optimal CHSH operators for ρ and ρ′ are S and S ′, respectively. Then, it follows that
N (ρ′) = tr(S ′ρ′)
= tr((UA ⊗ UB)†S ′(UA ⊗ UB)ρ)
≤ N (ρ)
= tr(Sρ).
Similarly, it has tr(Sρ) ≤ tr((UA ⊗ UB)†S ′(UA ⊗ UB)ρ). Thus, the equality should hold, namely,
tr(Sρ) = tr((UA ⊗ UB)†S ′(UA ⊗ UB)ρ). Therefore, it should have N (ρ′) = N (ρ) and S ′ = (UA ⊗
UB)S(UA ⊗ UB)†. It also indicates that local unitary operations do not affect the nonlocality of
the shared state.
Suppose the correlation matrices of ρ and ρ′ are T = (Tkj)3×3 and T ′ = (T ′kj)3×3, respectively.
Then, any element T ′kj of the correlation matrix T
′ can be equivalently rewritten as
T ′kj =tr(ρ
′σk ⊗ σj)
=
1
4
3∑
k′,j′=1
Tk′j′tr(σk′U
†
AσkUA)tr(σj′U
†
BσjUB).
Let RA and RB be two matrices with elements defined as (RA)kk′ ≡ 12tr(σkUAσk′U †A) and (RB)jj′ ≡
1
2
tr(σjUBσj′U
†
B), respectively. It follows that T
′
kj =
∑3
k′,j′=1(RA)kk′Tk′j′(RB)jj′ = (RATR
T
B)kj.
Thus, it has
T ′ = RATRTB. (38)
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Note that SU(N) matrices have the completeness relation as follows [26]:
N2−1∑
j=1
(σj)ki(σj)mn = 2∆im∆kn − 2
N
δki∆mn, (39)
where ∆jk = 1 if j = k and ∆jk = 0 otherwise. Applying the completeness relation in Eq. (39), it
can be shown that RA and RB are orthogonal matrices.
We can conclude the above analysis as the following lemma.
Lemma 3. Suppose Alice and Bob apply the local unitaries UA and UB on subsystems of the
shared two-qubit state ρ, respectively. Suppose the correlation matrix of the state ρ is T . Then,
the correlation matrix of the final state can be written as
T ′ = RATRTB, (40)
where RA and RB
T are two 3× 3 orthogonal real matrices defined as
(RA)kk′ ≡1
2
tr(σkUAσk′U
†
A) (41)
and
(RB)jj′ ≡1
2
tr(σjUBσj′U
†
B), (42)
respectively.
B. The class of two-qubit pure state pairs with the same optimal CHSH operators
We consider a general two-qubit pure state |ψ〉 with correlation matrix T . Suppose the singular
value decomposition of T is T = RADRB, where D is a diagonal matrix and RA and RB are
orthogonal matrices. Let UA and UB be the unitary operators that generate the orthogonal matrices
RTA and RB according to the definitions in Eqs. (41) and (42), respectively. According to Lemma 3,
the correlation matrix of the state (UA⊗UB)|ψ〉 is the diagonal matrix D. Namely, any two-qubit
pure state can be transformed into another pure state with diagonal correlation matrix via local
unitary operations.
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Suppose |ϕ〉 is a two-qubit pure state which has the same optimal CHSH operator with |ψ〉.
Combining Theorem 1, it is obvious that any two-qubit pure states |ψ〉 and |ϕ〉 can be simul-
taneously transformed into the states which have diagonal correlation matrices, by applying the
same local unitary operations. Thus, we only need to look into the kind of two-qubit states with
diagonal correlation matrices in order to analyze the class of two-qubit pure state pairs which have
the same optimal CHSH operators.
Up to an ignorable global phase, a general two-qubit pure state can be equivalently written as
|ψ〉 = a|00〉+ (b1 + ib2)|01〉+ (c1 + ic2)|01〉+ (d1 + id2)|01〉
where the parameters are all real numbers that satisfy the unit condition a2 + b21 + b
2
2 + c
2
1 + c
2
2 +
d21 + d
2
2 = 1. The elements of the corresponding correlation matrix T = (Tij)3×3 are
T12 = 2(−ad2 − b2c1 + b1c2),
T13 = 2(ac1 − b1d1 − b2d2),
T21 = 2(−ad2 + b2c1 − b1c2),
T23 = 2(−ac2 − b2d1 + b1d2),
T31 = 2(ab1 − c1d1 − c2d2),
T32 = 2(−ab2 − c2d1 + c1d2),
T11 = 2(ad1 + b1c1 + b2c2),
T22 = 2(−ad1 + b1c1 + b2c2),
T33 = 2(a
2 + d21 + d
2
2)− 1.
By setting Tkj = 0 for all k 6= j ∈ {1, 2, 3}, we derive that any two-qubit pure state, of which the
correlation matrix is diagonal, should be in one of the forms listed as follows:
|γ(θ)〉 = cos θ|00〉+ sin θ|11〉, (43)
|ω(θ)〉 = cos θ|01〉+ sin θ|10〉, (44)
|λ(θ,δ)〉 = cos θ(|00〉+ δ|11〉)/
√
2 + i sin θ(|01〉 − δ|10〉)/
√
2, (45)
|φ(θ,δ)〉 = cos θ(|00〉+ δ|11〉)/
√
2 + sin θ(|01〉+ δ|10〉)/
√
2, (46)
16
where θ ∈ [0, π) and δ = ±1. The corresponding correlation matrices are
Tγ(θ) =


sin 2θ 0 0
0 − sin 2θ 0
0 0 1

 ,
Tω(θ) =


sin 2θ 0 0
0 sin 2θ 0
0 0 −1

 ,
Tα(θ, δ) =


δ cos 2θ 0 0
0 −δ 0
0 0 cos 2θ

 ,
Tβ(θ, δ) =


δ 0 0
0 −δ cos 2θ 0
0 0 cos 2θ

 .
Applying Theorem 1, we find out that there are no pairs of two-qubit pure states which are of
different forms than in Eqs. (43)–(46) and have the same optimal CHSH operator. However, there
are pairs of states which are of the same form as in Eqs. (43)–(46) and have the same optimal
CHSH operator. The collection of such state pairs is listed as follows:
Γ ≡{(|γ(θ)〉, |γ(pi
2
−θ)〉)},
Ω ≡{(|ω(θ)〉, |ω(pi
2
−θ)〉)},
Λ ≡{(|λ(θ,δ)〉, |λ(−θ,δ)〉)},
Φ ≡{(|φ(θ,δ)〉, |φ(−θ,δ)〉)}.
Moreover, we could not find any three two-qubit pure states which are of the same form and have
the same optimal CHSH operator. Thus, at most two different two-qubit pure states could have
the same optimal CHSH operator.
As any two-qubit pure state can be written as |γ(θ)〉 = cos θ|00〉 + sin θ|11〉 up to some local
unitaries, we can get any state of the types |ω(θ)〉, |λ(θ,δ)〉, or |φ(θ,δ)〉 by applying the corresponding
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local unitary operations on some state of the type |γ(θ)〉. Thus, we only need to consider the
collection Γ. By applying Lemma 2, we find out that the two-qubit pure states |γ(θ)〉 and |γ(pi
2
−θ)〉
share the same optimal CHSH operators Sθ+ =
2√
1+sin2 2θ
(sin 2θσx ⊗ σx + σz ⊗ σz) and Sθ− =
2√
1+sin2 2θ
(− sin 2θσy ⊗ σy + σz ⊗ σz).
We conclude the above analysis as the following theorem, which is the main result of this section.
Theorem 2. Two different two-qubit pure states |ψ〉 and |ψ′〉 have the same optimal CHSH oper-
ator if and only if they can be written as
|ψ〉 = (UA ⊗ UB)(cos θ|00〉+ sin θ|11〉) and
|ψ′〉 = (UA ⊗ UB)(sin θ|00〉+ cos θ|11〉),
where UA, UB are some unitaries on H2 and θ ∈ [0, π). The operators (UA ⊗ UB)Sθ+(UA ⊗ UB)†
and (UA ⊗UB)Sθ−(UA ⊗ UB)† act as the the optimal CHSH operators for both |ψ〉 and |ψ′〉, where
Sθ+ =
2√
1 + sin2 2θ
(sin 2θσx ⊗ σx + σz ⊗ σz) and
Sθ− =
2√
1 + sin2 2θ
(− sin 2θσy ⊗ σy + σz ⊗ σz).
V. NONLOCALITY UPPER BOUNDED BY ENTANGLEMENT
In this section, we show that the nonlocality of a general two-qubit state is upper bounded by
a function of the corresponding entanglement. We further figure out the class of two-qubit states
of which the upper bound of nonlocality can be reached.
Recall that any pure state of a two-qubit system can be written as
|Φθ〉 = cos θ|00〉+ sin θ|11〉, θ ∈ [0, π
4
] (47)
upper to some local unitary transformations. As the entanglement and nonlocality are invari-
ant under local unitary transformations, it is sufficient to investigate the state |Φθ〉 in order to
qualitatively analyze the entanglement and nonlocality of an arbitrary two-qubit pure state.
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In the previous section, we have figured out that the correlation matrix of the state |Φθ〉 is a
diagonal matrix with diagonal entries being sin 2θ, − sin 2θ, and 1. By applying Lemma 2, it is
obvious that the nonlocality of the state |Φθ〉 is
N (Φθ) = 2
√
1 + sin 2θ2. (48)
According to the definition in Eq. (5), we get the concurrence of the state |Φθ〉 as follows
C(Φθ) = |tr(|Φθ〉〈Φθ|Y ⊗ Y )| = |T22| = | sin 2θ|. (49)
Thus, it is straightforward to get the relationship between the nonlocality and entanglement of
a two-qubit pure state. We conclude the above analysis as the following lemma.
Lemma 4. Suppose |ψ〉 is an arbitrary pure state of a two-qubit system. The nonlocality and
concurrence of |ψ〉 are related by the following equation:
N (ψ) = 2
√
1 + C(ψ)2. (50)
This simple relationship between the nonlocality and concurrence of a general two-qubit pure
state has been mentioned in the literature [27, 28].
Now, we consider the relationship between the nonlocality and entanglement when the general
two-qubit states are considered. Verstraete and Wolf found that the nonlocality of a general two-
qubit state is upper bounded by the function 2
√
1 + C2 of its concurrence C [19]. They found that
the two-level density operator of the form
ρ =
1
2


0 0 0 0
0 1− α C 0
0 C 1 + α 0
0 0 0 0

 (51)
can reach the upper bound. In fact, this is a necessary condition. Namely, any two-qubit state
that can reach the upper bound must admit this form. However, they did not prove this fact
in their paper. In the following, we rederive the upper bound and exploit the necessary and
sufficient condition for reaching the upper bound. Finally, we prove the condition is equivalent to
the example found by Verstraete and Wolf.
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Theorem 3. Suppose ρ is an arbitrary density operator of a two-qubit system with concurrence
being C. Then, the nonlocality of ρ is upper bounded by
N (ρ) ≤ 2
√
1 + C2, (52)
where the equality holds if and only if ρ ∈ Q. The set Q of density operators on H⊗22 is defined as
follows:
Q ≡ {(UA ⊗ UB)(p|ϕ1〉〈ϕ1|+ (1− p)|ϕ2〉〈ϕ2|)(UA ⊗ UB)†}
where UA and UB are arbitrary unitaries on H2, p ∈ [0, 1], |ϕ1〉 = cos θ|00〉 + sin θ|11〉, and
|ϕ2〉 = sin θ|00〉+ cos θ|11〉 for some θ ∈ [0, π).
Proof. According to Lemma 1, there is a decomposition ρ =
∑
k pk|ψk〉〈ψk|, where pk ≥ 0 and∑
k pk = 1, such that C(ψk) = C for all states |ψk〉. Combining the convexity of nonlocality and
Lemma 4, we have
N (ρ) ≤
∑
k
pkN (ψk) (53)
=
∑
k
pk2
√
1 + C(ψk)2
= 2
√
1 + C2.
The equality in Eq. (53) holds if and only if the optimal CHSH operator of the state ρ also
acts as the optimal CHSH operator for the state |ψk〉 for all k. Namely, all pure states |ψk〉 should
have the same optimal CHSH operator in order to achieve the equality. Through the discussion
in Sec. IV, we find that at most two different two-qubit pure states could have the same optimal
CHSH operator. According to Theorem 2, any two different two-qubit pure states have the same
optimal CHSH operator if and only if they can be written as UA ⊗ UB(cos θ|00〉 + sin θ|11〉) and
UA⊗UB(sin θ|00〉+cos θ|11〉) for some local unitaries UA and UB onH2 and θ ∈ [0, π). Equivalently,
the equality in Eq. (53) holds if and only if the state ρ ∈ Q.
Therefore, we have
N (ρ) ≤ 2
√
1 + C2 (54)
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with equality if and only if ρ ∈ Q.
The matrix representation of the operator ρ(p, θ) = p|ϕ1〉〈ϕ1| + (1− p)|ϕ2〉〈ϕ2| can be written
as
ρ(p, θ) =
1
2


1− α 0 0 C
0 0 0 0
0 0 0 0
C 0 0 1− α

 , (55)
where α = 1+ 4p sin2 θ − 2p− 2 sin2 θ. It is trivial to get that the parameter α ranges from −1 to
1 according to the values of p and θ. Note that the matrix ρ(p, θ) is equivalent to Verstraete and
Wolf’s example in Eq. (51) up to a local unitary operation I ⊗X . Therefore, up to local unitary
operations, the example in Verstraete and Wolf’s paper [19] is the complete set of two-qubit states
for reaching the upper bound.
VI. CONCLUSION AND DISCUSSION
To conclude, we have systematically investigated the quantitative relationship between quantum
nonlocality and entanglement of a general two-qubit system. We rederived a known upper bound
of the nonlocality of a general two-qubit state, which depends on the state’s entanglement. We
proved the necessary and sufficient condition for reaching the upper bound, which is the main
contribution of our work. The condition is a class of two-qubit states which turns out to be
equivalent to the class of states provided in Verstraete and Wolf’s paper [19]. The key for solving
the problem was to investigate the different two-qubit pure states that have the same optimal
CHSH operator. First, we found the condition that two different general two-qubit states can have
the same optimal CHSH operator. Second, we concluded that at most two two-qubit pure states
can have the same optimal CHSH operator and figured out the class of such two-qubit pairs.
The research outcomes have practical significance. More efficient quantum information process-
ing protocols could be designed by considering the quantum resources of which the most nonlocality
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feature could be stimulated by the same nonlocality test setting. In one situation, we only know
the amount of entanglement of a given two-qubit resource while no knowledge about the structure
of the state is known. Thus, it is difficult to get the quantity of the nonlocality. By applying
the relationship of the nonlocality and entanglement, one is able to know an upper bound for the
nonlocality of the state without nonlocality test experiments and the class of states that can reach
the upper bound.
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